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Inflation is a period of accelerated 
expansion driven by a single scalar 
field with very flat potential

• They are approximately scale invariant  

• They approximately Gaussian

Vanilla Inflation

Generic predictions on the properties of the scalar 
density perturbations:
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The four-dimensional effective action for the distance between the branes, Y , can be
written in the following form

S =
∫

d4x
√
−g

[
1
2
M2

P R− 1
4
Tp AT (∂µY )2 + V (Y )

]
, (3.1)

where R is the Ricci scalar in 4 dimensions, M 2
P = M2

s V6 g−2
s = M2

s (2πRMs)6 g−2
s =

2.4 × 1018 GeV is the four-dimensional Planck mass, R is the radius of each square torus
and V6 is the total volume of the compact dimensions. Then, the canonically normalised
field associated to the brane separation, Y , is given by

Ψ = Y

√
TpAT

2
= (Y Ms)Ms

√
Mp−3

s AT

2 gs (2π)p
. (3.2)

Note that since AT ∝ Rp−3 the normalised field Ψ has dimensions of mass, as it should.
Let us now recall the standard equations of motion of a Friedmann-Robertson-Walker

universe with a scalar field. These are given by

Ψ̈ + 3HΨ̇ = −dV

dΨ
,

H2 =
1

3M2
p

[

V +
Ψ̇2

2

]

, (3.3)

where H is the Hubble parameter. The slow roll conditions require that |Ψ̈| % 3H|Ψ̇| and
Ψ̇2 % V , i.e. that the friction and potential terms dominate. From these conditions one
can derive the two slow-roll parameters

ε =
M2

P

2

(
V ′

V

)2

, η = M2
P

V ′′

V
, (3.4)

which should be small in accordance with the field equations, so that |ε| % 1 and |η| % 1
for slow roll inflation to occur. The primes above denote derivatives with respect to the
inflaton field Ψ.

The number of e-foldings occurring after the scales probed by the COBE data leave
the horizon can be computed as [29]

N =
∫

Hdt =
1

M2
P

∫ Ψ∗

Ψend

V (Ψ)
V ′(Ψ)

dΨ , (3.5)

where Ψ∗ ∝ Y∗ is the brane separation when the primordial density perturbation exits the
de Sitter horizon during inflation. Since in this model the end of inflation is not given by
the cease of the slow-roll conditions in what follows, we will assume that Y∗ & Yend. This
is a common assumption in hybrid inflationary models and we will justify it later.

The amplitude of the density perturbation when it re-enters the horizon, as observed
by Cosmic Microwave Background (CMB) experiments is given by:

δH =
2
5
P1/2
R =

1
5π

√
3

V 3/2

M3
p V ′ = 1.91 × 10−5 , (3.6)

where the value of δH is implied by the COBE results [28].
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fNL = 2.7 ± 5.8

fNL = −42 ± 75

fNL = −25 ± 39

Non-Gaussianity

ns vs.

local 

equilateral

orthogonal

Planck Inflation 2013

Planck Collaboration: The Planck mission

Table 9. Cosmological parameter values for the Planck-only best-fit 6-parameter �CDM model (Planck temperature data plus lensing) and for
the Planck best-fit cosmology including external data sets (Planck temperature data, lensing, WMAP polarization [WP] at low multipoles, high-⌃
experiments, and BAO, labelled [Planck+WP+highL+BAO] in Planck Collaboration XVI (2013)). Definitions and units for all parameters can be
found in Planck Collaboration XVI (2013).

Planck (CMB+lensing) Planck+WP+highL+BAO

Parameter Best fit 68 % limits Best fit 68 % limits

⇥bh2 . . . . . . . . . . 0.022242 0.02217 ± 0.00033 0.022161 0.02214 ± 0.00024

⇥ch2 . . . . . . . . . . 0.11805 0.1186 ± 0.0031 0.11889 0.1187 ± 0.0017

100�MC . . . . . . . . 1.04150 1.04141 ± 0.00067 1.04148 1.04147 ± 0.00056

⌅ . . . . . . . . . . . . 0.0949 0.089 ± 0.032 0.0952 0.092 ± 0.013
ns . . . . . . . . . . . 0.9675 0.9635 ± 0.0094 0.9611 0.9608 ± 0.0054

ln(1010As) . . . . . . . 3.098 3.085 ± 0.057 3.0973 3.091 ± 0.025

⇥� . . . . . . . . . . . 0.6964 0.693 ± 0.019 0.6914 0.692 ± 0.010

⇤8 . . . . . . . . . . . 0.8285 0.823 ± 0.018 0.8288 0.826 ± 0.012

zre . . . . . . . . . . . 11.45 10.8+3.1
�2.5 11.52 11.3 ± 1.1

H0 . . . . . . . . . . . 68.14 67.9 ± 1.5 67.77 67.80 ± 0.77

Age/Gyr . . . . . . . 13.784 13.796 ± 0.058 13.7965 13.798 ± 0.037

100�⇥ . . . . . . . . . 1.04164 1.04156 ± 0.00066 1.04163 1.04162 ± 0.00056

rdrag . . . . . . . . . . 147.74 147.70 ± 0.63 147.611 147.68 ± 0.45

rdrag/DV(0.57) . . . . 0.07207 0.0719 ± 0.0011

for “running” of the spectral index. The spectrum does, however,
deviate significantly (6⇤) from scale invariance, as predicted by
most models of inflation (see below). The unique contribution
of Planck, compared to previous experiments, is that the depar-
ture from scale invariance is robust to changes in the underlying
theoretical model.

We find no evidence for extra relativistic species, beyond the
three species of (almost) massless neutrinos and photons. The
main e⇤ect of massive neutrinos is a suppression of clustering on
scales larger than the horizon size at the non-relativisitic transi-
tion. This a⇤ects both C⇧⇧L with a damping for L > 10, and CTT

⌃
reducing the lensing induced smoothing of the acoustic peaks.
Using Planck data in combination with polarization measured
by WMAP and high-⌃ anisotropies from ACT and SPT allows
for a constraint of

�
m⇥ < 0.66 eV (95 % CL) based on the

[Planck+WP+highL] model. Curiously, this constraint is weak-
ened by the addition of the lensing likelihood

�
m⇥ < 0.85 eV

(95 % CL), reflecting mild tensions between the measured lens-
ing and temperature power spectra, with the former preferring
larger neutrino masses than the latter. Possible origins of this
tension are explored further in Planck Collaboration XVI (2013)
and are thought to involve both the C⇧⇧L measurements and fea-
tures in the measured CTT

⌃ on large scales (⌃ < 40) and small
scales ⌃ > 2000 that are not fit well by the �CDM+foreground
model. The signal-to-noise on the lensing measurement will im-
prove with the full mission data, including polarization, and it
will be interesting to see how this story develops.

The combination of large lever arm, sensitivity to isocurva-
ture fluctuations and non-Gaussianity makes Planck particularly
powerful at probing inflation. Constraints on inflationary mod-
els are presented in Planck Collaboration XXII (2013) and over-
whelmingly favor a single, weakly coupled, neutral scalar field
driving the accelerated expansion and generating curvature per-
turbations. The models that fit best have a canonical kinetic term
and a field slowly rolling down a featureless potential.
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Fig. 26. Marginalized 68 % and 95 % confidence levels for ns and r from
Planck+WP and BAO data, compared to the theoretical predictions of
selected inflationary models.

Of the models considered, those with locally concave poten-
tials are favored and occupy most of the region in the ns,r plane
allowed at 95 % confidence level (see Fig. 23). Power law in-
flation, hybrid models driven by a quadratic term and monomial
large field potentials with a power larger than two lie outside the
95 % confidence contours. The quadratic large field model, in
the past often cited as the simplest inflationary model, is now at
the boundary of the 95 % confidence contours of Planck + WP
+ CMB high ⌃ data.

The axion and curvaton scenarios, in which the CDM isocur-
vature mode is uncorrelated or fully correlated with the adiabatic
mode, respectively, are not favored by Planck, which constrains
the contribution of the isocurvature mode to the primordial spec-
tra at k = 0.05Mpc�1 to be less than 3.9 % and 0.25 % (at 95 %
CL), respectively.

The Planck results come close to the tightest upper limit on
the tensor-to-scalar amplitude possible from temperature data
alone. The precise determination of the higher acoustic peaks
breaks degeneracies that have weakened earlier measurements.

36

10 Planck Collaboration: Constraints on inflation

Model Parameter Planck+WP Planck+WP+lensing Planck + WP+high-` Planck+WP+BAO

⇤CDM + tensor ns 0.9624 ± 0.0075 0.9653 ± 0.0069 0.9600 ± 0.0071 0.9643 + 0.0059
r0.002 < 0.12 < 0.13 < 0.11 < 0.12

�2� lnLmax 0 0 0 -0.31

Table 4. Constraints on the primordial perturbation parameters in the ⇤CDM+r model from Planck combined with other data sets.
The constraints are given at the pivot scale k⇤ = 0.002 Mpc�1.
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Fig. 1. Marginalized joint 68% and 95% CL regions for ns and r0.002 from Planck in combination with other data sets compared to
the theoretical predictions of selected inflationary models.

reheating priors allowing N⇤ < 50 could reconcile this model
with the Planck data.

Exponential potential and power law inflation

Inflation with an exponential potential

V(�) = ⇤4 exp
 

�� �
Mpl

!

(35)

is called power law inflation (Lucchin & Matarrese, 1985),
because the exact solution for the scale factor is given by
a(t) / t2/�2 . This model is incomplete, since inflation would
not end without an additional mechanism to stop it. Assuming
such a mechanism exists and leaves predictions for cosmo-
logical perturbations unmodified, this class of models predicts
r = �8(ns � 1) and is now outside the joint 99.7% CL contour.

Inverse power law potential

Intermediate models (Barrow, 1990; Muslimov, 1990) with in-
verse power law potentials

V(�) = ⇤4
 

�

Mpl

!��
(36)

lead to inflation with a(t) / exp(At f ), with A > 0 and 0 < f < 1,
where f = 4/(4 + �) and � > 0. In intermediate inflation there
is no natural end to inflation, but if the exit mechanism leaves
the inflationary predictions on cosmological perturbations un-
modified, this class of models predicts r ⇡ �8�(ns � 1)/(� � 2)
(Barrow & Liddle, 1993). It is disfavoured, being outside the
joint 95% CL contour for any �.

Hill-top models

In another interesting class of potentials, the inflaton rolls away
from an unstable equilibrium as in the first new inflationary mod-
els (Albrecht & Steinhardt, 1982; Linde, 1982). We consider

V(�) ⇡ ⇤4
 

1 � �
p

µp + ...

!

, (37)

where the ellipsis indicates higher order terms negligible during
inflation, but needed to ensure the positiveness of the potential
later on. An exponent of p = 2 is allowed only as a large field
inflationary model and predicts ns � 1 ⇡ �4M2

pl/µ
2 + 3r/8 and

r ⇡ 32�2⇤M2
pl/µ

4. This potential leads to predictions in agree-
ment with Planck+WP+BAO joint 95% CL contours for super-
Planckian values of µ, i.e., µ & 9 Mpl.

Models with p � 3 predict ns � 1 ⇡ �(2/N)(p � 1)/(p � 2)
when r ⇠ 0. The hill-top potential with p = 3 lies outside the

= spectral index 

= tensor 2 scalar 
   ratio (small field)

ns

r

ns rvs.
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• Not obvious that sugra and string th. models are necessary 
simple. Generically the opposite is true!

• Can we embed Planck inflation (slow roll single small field) 
models into sugra and string theory frameworks? 

• Due to high value of potential energy natural to consider 
inflation in more fundamental frameworks such as 
supergravity (sugra) and string theory

• Usually at least two fields around (fields come in pairs). They 
can naturally acquire Hubble masses. 
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supergravity

V = e
K

[

K
ij̄

DiWDj̄W − 3WW

]

DiW = ∂iW + ∂iK W

• Theory is fully specified by 

- gravity multiplet: 
- n-chiral multiplets: 

gMN , ψµ

χi,

• Matter content 

- Kähler potential           
- Holomorphic superpotential,  

scalars organise 
themselves into a 
complex manifold

i = 1, . . . , n

• The scalar potential is thus given by:

@i@j̄K = Kij̄

W (�)

K(�, �̄)

�i

�i, Kij̄

N = 1

Kij̄@�
i@�̄j̄



• During inflation SUSY                 . A spectrum of 
scalar masses below and above Hubble scale 

• sGoldstini directions in moduli 
space are singled out as SUSY 
directions. (Useful to determine 
scalar instabilities.)  

DaW != 0

ii)  non-negligible overlap between inflaton and sGoldstini 
directions 

A geometric bound on F-term inflation

(m2

3/2
∼ 1TeV)

Single field inflation
Slow roll inflation
Small field

• In F-term sugra (vector fields subdominant), under 
assumptions:

i) gravitino mass well below inflationary scale

scalar partners of the 
Goldstino that are eaten up 
by the gravitino when SUSY 

is broken

m
2

H
2
∼ V0

H
2

m
2

inf

only two conditions 
can be satisfied:

[Borghese, Roest, IZ, ’12]

[Gómez-Reino et al. ’06-’08]



The  η-problem
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(Im(�) = 0)

Inflaton:

[Copeland et al. ’94]

[Kawasaki et al. ’00]
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[Kawasaki et al. ’00]

⌘ =
V 00

V

W ! e�g(�)W

K ! K + g(�) + g(�̄)

V ! V

Kähler transformations
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sGoldstino inflation

For a single superfield: inflaton ⇔  sGoldstino  

- Geometric bound applies  

W = f(�)- Taking K = �1

2

�
�� �̄

�2
,

Re(�) = �V = �3f(�)2 + f 0(�)2

The potential becomes

Small single field slow roll inflation severely constrained

[Alvarez-Gaumé et al. ’10-’11]
[Achúcarro et al. ’12]



Orthogonal inflation

- To overcome geometric bound, introduce a 
second superfield, orthogonal to sG: inflaton

-  Single field inflation with an arbitrary scalar potential  
   can be implemented un sugra under assumptions:

sG

inflaton
�, S

Kähler and superpotential are of the form

K = K
�
(�� �)2, SS̄, S2, S̄2

�
, W = Sf(�)

Im� = 0

S = 0

V (�) = f(�)2

Re� = �
{

Inflaton potential Inflationary trajectory

shift symmetry ⬄ inflaton direction  

�

S

[Kallosh-Linde-Rube ’10]
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the general scalar potential becomes (@            ,        )

In string theory a combination of S, Φ	  which appears 

in several models is:

X = �+ �̄� SS̄
� ! �+ ia+ b̄S +

1

2
|b|2

S ! S + b

b 2 Ca 2 R ,

Heisenberg symmetry

Focus on interesting Kähler potential:

V =
X1�↵f(�)2

↵

Im� = 0 S = 0

K = �↵ ln(X)

� , S ,geometric modulus, matter field



Two interesting models

For a linear superpotential of the form:

 ↵ = 3,

W = 3MS(�� 1)

m2 = (0, 4H2,�2H2)

m2 = (0, 24H2, 6H2)

H2 = V/3

N = 50 : ns = 0.961 , r = 0.0015
N = 60 : ns = 0.967 , r = 0.0011

 

corresponds to Starobinsky’s model!

but mass spectrum: 

need to add S-stabilising terms to K(S)

now mass spectrum: ↵ = 1,

no need to add S-stabilising terms to K!

Inflationary predictions:

[Roest, Scalisi, IZ ’13]

[Cecotti, ’87]

[Kallosh-Linde, ’13]
[Buchmüller et al., ’13]

[Farakos et al., ’13]

[Ellis, Nanopoulos, Olive, ’13]



Summary

✦ Discussed Kähler potentials which allow truncation to a 
single scalar, identified with the inflaton, in F-term sugra

✦ To evade η-problem shift symmetry or logarithm function 
can be used. 

✦ To circumvent geometric bound, a second field needs to 
be introduced, orthogonal to sGoldstino: inflation

✦ For Heisenberg invariant K, general potential can be 
generated in sugra and string theory

✦ For linear W, two choices of α	  allow for small single field 
slow roll inflation, compatible with Planck 


