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Introduction

Volume of moduli space of BPS solitons (instantons, monopoles,
vortices, domain-walls, ...) gives

+ Statistical mechanics of the BPS solitons
* Non-perturbative corrections in supersymmetric gauge theory

* Topological string amplitudes (topological invariants)

We evaluate the volume of the moduli space of the BPS solitons by the
localization method (equivariant cohomology in mathematics)



Introduction

In particular, I consider today the volume of moduli space of the
domain-walls

Why?

+ Extension of the localization method to the case with boundaries

(cf. 3d CS on S3, 2d N=(2,2) on S?, ... = without boundary)
Boundary conditions are important!

* Important to solve BFSS like matrix quantum mechanics ((1+0)-dim)



Modul space

* Moduli space: parameter space of solutions of the BPS solitons
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Volume of the moduli space

In general,

Vol(M) = /M diay i

g : metric of M, n =dim M
Moduli space = metric : difficult

Roughly speaking, we can formulate the volume as a “path integral” of
the supersymmetric gauge theory

Vol(M) ~ / D(fields) [ J; - 6(u:)

~ 4 SYM 4 Jacobians



BPS domain-walls

We consider the BPS domain-wall system:
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Boundary condition

domain-walls

Vacuum A Vacuum B
Y, =diag.(ma,,ma,,..., mANC) ¥ = diag.(mp,, mB,, .- -, mBNC)
//;/////
: 8
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Moduli space:



BRST (superjsymmetry

We introduce a fermionic symmetry (a part of SUSY)

QA) =25y Dy SPB
QX =&, szi[@,z]
Qb = 0

QH =1, QY =19H

QYC = Z.(I)Xca QXC e Yc
Q* = —Jgange(®)

Equivariant cohomology
(nilpotent on gauge invariant operators)



l.ocalization

NC,N — =]
Vol( P D(fields)e "0 ~t@= S
— (e 50) Ssym
a SYM
where Lagrange multiplier

L/2
So = 25/ dy Tr |®u,.| + (fermions) = = . =0

impose

* Independent of ¢
* 1-loop exact

* localized at saddle (fixed) point



Contour integral

Fixed point (with a gauge fixing):
* Q(fields)=0 & pc=p. =0

+ G=U(N,) - L1

+ @: const. on y = O=diag.(p1, P2,..., Pne) Sl e

/

N
NN v [ déal CDC igp.{i—(ms, . —ma,)
v (M) = ¥ I/ S Gaeme o }

O'EGNC CL:]_ i)

g2 3 So at fixed point
L

% =0

where L =

i
P szH+§:H—HM</” 7
ind P, = # of zero modes of H = (# of domain-walls) + 1




Example

Let us consider the case that N.=2 and N=4 (m1 < ma < m3 < my)

The boundary condition:

—

A=(1,2)

L

Y(—L/2) = diag.(m1, m2) Y(L/2) = diag .(mg3, my)

////

Total # of domain-walls =4



Example

Using a residue formula:

/miemb 1@@3_{%@3w if B>0andn>0

o Vg i 0 otherwise
we find By (F—( )) iBda(L—( ))
dy dpy €691 (L—(ma=m2)) ¢iBa(L—(ma—m
Y 1( 24 )= /
ol {Mi1,2)~3,4) o om (igpy )3 (igho)3
by dpy B¢1(E—(ma=m1)) (B2 (L—(ms—ms))
_/ 2w 2w (i¢1)* (i¢2)?
(1 ) i
= 38 7(L = (m3 = m1))*(L — (my — my))’

\




Example
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Transition matrix



Seiberg like duality

Ne,Ny N¢—N.,N;
Vol (M) Y Vol (M
L — o
(g — o0)

H;V:C1(] o 1) X H]]jcl( s 1)! (5E)N6(Nf—Nc)

[T, (i —1)!
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Volume of the Grassmaniann: Gy, y,




Seiberg like duality
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1-duality

We consider domain-walls on a cylinder S'xI
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1-duality

In particular, the N.=N=2 case (local vortex)

Vol (M3 (8" x I)) =1

Vol (MP*(S' x 1)) = A—1+2-¢
sy Skl 2.
Wﬂ@w? xI):é-2—(g—é+¥)A+1——§é+%?—§§+§&
il oe Rl =
Vol (M52(s xI):6A3—§<——é+éQ>A2
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Conclusion and Discussion

Results:

* We exactly evaluate the volume of the moduli space of the domain-
walls via the localization method

* The volume is given by the simple contour integral
* We find the dualities between the moduli spaces

Problems:

* Relation to integrable systems (spin chain, etc.)

* Relation to string /M theory (some topological invariants)



