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The idea of unification has proven a strong guide for
progress in Physics

Supersymmetry (SUSY) is a nontrivial extension of the
Poincaré group that includes internal symmetries unifying
fermions and bosons
A distinct signal of standard SUSY would be the existence
of partners that duplicate the spectrum of observed
particles
In an unbroken supersymmetric phase these SUSY
partners would have degenerate masses =⇒
spontaneously broken at current experimental energies
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Poincaré group that includes internal symmetries unifying
fermions and bosons
A distinct signal of standard SUSY would be the existence
of partners that duplicate the spectrum of observed
particles
In an unbroken supersymmetric phase these SUSY
partners would have degenerate masses =⇒
spontaneously broken at current experimental energies
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SUSY constrains the field contents of a theory: restricts the
interaction patterns, and relates different coupling
constants and particle masses

The detailed form of those constraints depends on the
particular form in which SUSY is presented
Can those fields transform in some particular way
obtaining a SUSY without SUSY partners?
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Affirmative answer in D = 3 with U(1) internal group1

Curious similarity:

ψ/∂ψ︸︷︷︸
Dirac

⇐⇒ AdA︸︷︷︸
Abelian−Chern−Simons
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1 P.D.Alvarez, M.Valenzuela and J.Zanelli, Supersymmetry of a Different
Kind, JHEP 1204, 058 (2012)
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Take the 3× 3 matrix constructed with /A = γµAµ, extended with
the column ψ and row ψ

A =

(
Aα

β ψα

ψβ 0

)
=

(
/A ψα

ψβ 0

)
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For the U(1) group, we know that under gauge transformations:

A′µ = Aµ + ∂µα

ψ′ = eiαψ

ψ
′

= e−iαψ

The gauge transformations for Aµ, ψ, ψ can be obtained as

A′ = g−1Ag + g−1/dg,

being g = exp[iK] with iK = diag(1,1,2) and /d = diag(γµ∂µ,0)
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Aµ = AµK + Qβ(γa)βαea
µψ

α + ψβ(γa)βαea
µQα + ωa

µJa

with the graded Lie algebra

[Ja,Jb] = εcabJc {Qα
,Qβ} = −Ja(γa)αβ −

i
2
δαβK,

[Ja,Q
α] =

1
2

(γa)αβQ
β [Ja,Qα] = −1

2
(γa)βαQβ,

[K,Qα] = iQα [K,Qα] = −iQα
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The Chern-Simons (CS) form provides a Lagrangian for
the connection A without additional ingredients

L =

〈
AdA+

2
3
A3
〉

Using the standard conventions, the Lagrangian reads

L = 2AdA +
1
4

[ωa
bdωb

a +
2
3
ωa

bω
b

cω
c

a]− 2ψψeaTa

+2ψ(/
←−
∂ − /
−→
∂ + 2i/A +

1
2
γa/ωabγ

b)ψ|e|d3x ,

where |e| =det[ea
µ] =

√
−g, and T a = dea + ωa

beb is the
torsion 2-form.
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The supersymmetric transformations are deduced by
δA = dΛ + [A,Λ], with

Λ = αK + Qε− εQ + λaJa

given the result

δA = dα− i
2
(
ε/eψ + ψ/eε

)
δ(/eψ) =

−→
∇ε+ iα/eψ +

1
2
λaγa/eψ

δ(ψ/e) = ε
←−
∇ − iαψ/e − 1

2
λaψ/eγa

δωa = dλa + εabcω
bλc −

(
εγa/eψ + ψ/eγaε

)
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Connection

A = AK+Q/eψ + ψ/eQ+ f aJa +
1
2
ωabJab,

for the supercharges

{Qα,Q
β} = − i

s
(Γa)βαJa +

i
2

(Γab)βαJab − δβαK ,
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In D = 4 we do not have the Chern Simons form as in
D = 3

The curvature F = dA+AA takes the form

F = F0K+QαFα + FαQ
α + F aJa +

1
2

F abJab
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We can try naively with

〈F ∧ F〉

But this does not give field equations: it is an invariant so
when we perform a variation it vanish identically
We can break the symmetry, introducing some kind of dual
~F
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~F = ∗F0K+(Q)α(Γ5F)α+(F)α(Γ5Q)α+Γ̂

[
F aJa +

1
2

F abJab

]
,

with

Γ̂ =


Γ5

0
0
0
0

0
0
0
0

0 0 0 0 0 0
0 0 0 0 0 0
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With this rules we write the Lagrangian as

L = −1
4
〈F~ F〉

A natural way to avoid parity violation is to impose f a ∧ ea = 0
which means1

f a = µea

with µ a constant of canonical dimension L−1

Pedro Álvarez, Pablo Pais, Jorge Zanelli Local Supersymmetry Without SUSY Partners
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Doing the computations we obtain

L = − 1
16
εabcd (Rab − µ2eaeb)(Rcd − µ2eced )

+
1
2

[
ψ(
←−
/∇ −
−→
/∇)ψ + 4µiψψ

]
+ tµψΓ5Γµψ

−1
4

FµνFµν |e|d4x − 1
3µ2

[
(ψψ)2 − (ψΓ5ψ)2

]
.

with
tµ ≡ − 1

3!ε
µνρτea

νTaρτ |e|, and

−→
/∇ψ ≡ (/∂ − i /A +

1
2
/ω)ψ

ψ
←−
/∇ ≡ ψ(

←−
/∂ + i /A− 1

2
/ω)
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Future Work

Can we extend the present analysis in order to include a
non-Abelian group like SU(2) or SU(3)?

Can we construct the Lagrangian in D = 4 in a more subtle
way?
Starting with a CS form in D = 5?
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SUSY algebra D = 4

[Ja,Jb] = s2Jab , [Ja,Jbc] = ηabJc − ηacJb ,

[Jab,Jcd ] = ηadJbc − ηacJbd + ηbcJad − ηbdJac ,

[Ja,Q
α] = − s

2(Γa)α βQ
β, [Ja,Qα] = s

2Qβ(Γa)β
α
,

[Jab,Q
α] = −1

2(Γab)α βQ
β, [Jab,Qα] = 1

2Qβ(Γab)β
α
.

[K,Qα] = iQα , [K,Qα] = −iQα .

{Qα,Qβ} = − i
s

(Γa)αβJa +
i
2

(Γab)αβJab − δαβK.
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Explicit Form of the Generators D = 4

(Qα)A
B = −i


04×4

0
0
0
0

CαA

δαB 0 0
0 0 0 0 0 0

 = −i(δA
5 δ

α
B + CαAδ6

B)(1)

(Qα)A
B =


04×4 δA

α

0
0
0
0

0 0 0 0 0 0
CαB 0 0

 = δA
αδ

5
B + δA

6 CαB , (2)
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Explicit Form of the Generators D = 4

(Ja)A
B =


s
2Γa

0
0
0
0

0
0
0
0

0 0 0 0 0 0
0 0 0 0 0 0

 =
s
2

(Γa)αβδ
A
αδ

β
B (3)

(Jab)A
B =


1
2Γab

0
0
0
0

0
0
0
0

0 0 0 0 0 0
0 0 0 0 0 0

 =
1
2

(Γab)αβδ
A
αδ

β
B (4)
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SUSY Transformations D = 4

(K)A
B =


04×4

0
0
0
0

0
0
0
0

0 0 0 0 i 0
0 0 0 0 0 −i

 = i(δA
5 δ

5
B − δ

A
6 δ

6
B), (5)
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SUSY Transformations D = 4

The variation of A under supersymmetry generated by
Λ = Qε− εQ is

δA = dΛ + [A,Λ].

Using the (anti-) commuting relations of the superalgebra, one
finds

δAµ = −
(
εΓµψ + ψΓµε

)
(6)

δf a = − i
s
(
εΓa/eψ + ψ/eΓaε

)
(7)

δωab = i
(
εΓab/eψ + ψ/eΓabε

)
(8)

δ
[
Γcecψ

]
=

[
d − iA +

1
2

sf aΓa +
1
4
ωabΓab

]
ε . (9)
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Relations Between Constants in D = 3 and D = 4

In three dimensions,

Electric charge e = 1
Newton’s constant G = 1
Cosmological constant Λ = −µ2

Fermion mass m = µ

And in four dimensions,

Electric charge e = 1
Newton’s constant G = −s2(4πµ2)−1

Cosmological constant Λ = −s2µ2

Nambu–Jona-Lasinio coupling g = (3µ)−2
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